Numerical simulation of
advection-diffusion on flow in
waste stabilization ponds (1-

dimension) with finite difference
method forward time central
space scheme

by Sunarsih Sunarsih

Submission date: 14-May-2020 03:59PM (UTC+0700)
Submission ID: 1324005745

File name: Artikel_C4.pdf (830.91K)

Word count: 4064

Character count: 20590



Environ. Eng. Res. 2018; 23(4): 442-448
https://doi.org/10.4491/eer.2017.031

pISSN 1226-1025
elSSN 2005-968X

Numerical simulation of advection-diffusion on flow in waste
stabilization ponds (1-dimension) with finite difference method
forward time central space scheme

Gitta Agnes Putri', Sunarsih, Susilo Hariyanto

Department of Mathematics, Faculty of Science and Mathematics, Diponegoro University, Semarang 50275, Indonesia

ABSTRACT

This paper presents the numerical simulation of advection-diffusion mechanism of BOD concentration which was used as an indicator
of waste only in one flow-direction of waste stabilization ponds (I-dimension (1-D)). This model was represented in partial differential
equation order 2. The purpose of this paper was to determine the simulation of the model 1-D of wastewater transport phenomena based
advection-diffusion mechanism and did validate the model. Numerical methods which was used for the solution of this model is finite
difference method with Forward Time Central Space scheme. The simulation results which was obtained would be compared with field
observation data as a validation model. Collection of field data was carried out in the Wastewater Treatment Plant Sewon, Bantul, D.I.
Yogyakarta. The results of numerical simulations were indicate that the advection-diffusion mechanism takes place continuously over time.
Then validation of the model was state that there was a difference between the calculation results with the field data, with a correlation
value of 0.998.
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pond system can be divided into two general mechanisms, name-
ly advection and diffusion. Advection refers to transport due
to the bulk movement of the water which contains the solute.
While diffusion is the non-advective transport due to the migra-
tion of a solute in response to a concentration gradient [4]. With
the pollutant gradient horizontally and vertically in columns
pond, the phenomenon of solute transport by advection and
diffusion mechanisms can be described in 2-dimension (2-D)

1. Introduction

Wastewater, both domestic waste and industrial wastewater are
still a serious problem. The process of wastewater treatment
in urban areas are becoming an indispensable requirement.
Treatment processes commonly used in Indonesia is the pool
system or better known as waste stabilization ponds.

Waste stabilization ponds is a biological processes with organic

matter in the sludges which was generated from the primary
deposition and biological treatment of wastewater stably. This
stability depends on anaerobic and aerobic conditions [1]. Waste
stabilization ponds is used to improve quality of wastewater
by relving on natural processes that treat wastewater by utilizing
the presence of badteria, algae, and zooplankton to reduce organic
pollutants contained in the wastewater [2, 3].

In waste stabilization ponds, wind energy and gravity provide
the movement of wastewater that led to the mass transport
process. The context of the movement in the waste stabilization

models. Mathematical model of 2-D advection-diffusion was rep-
resented by using partial differential equations based on the
phenomenon of physics, chemistry and biology.

Various studies have been conducted on waste stabilization
ponds, such as Sunarsih et al. [5] have present a mathematical
model in the domestic waste stabilization ponds facultative with
the steady state. Mayo and Abbas [6] have developed a mathemat-
ical model reduction of nitrogen compounds in waste stabiliza-
tion ponds. Then, Gao et al. [7] have built a numerical model
to predict the flow and transport of faecal bacteria in the water.
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Research on the advection-diffusion equation which solved
numerically using various methods have been carried out. In
2007, Thongmoon et al. [8] have completed the advection-dis-
persion equation by using linite diference method Forward Time
Central Space (FTCS). Then, Rubio et al. [9] have solved transport
equations for bimolecular reactive process advection-diffusion
by using the finite difference method FTCS on different time
scales. In 2011, Prieto et al. [10] have solved the advection-dif-
fusion equations using finite difference methods generalized
(GFDM). While Sousa [11, 12] has completed the advection-dif-
fusion equation by using Lax Wendrofl numerical methods for
time discretization and then in different vear, it have did by
using finite difference methods of higher order.

There was also research on a comparison of several methods.
Thongmoon and McKibbin [13] have completed the advec-
tion-diffusion equation of one dimension by using cubic spline,
FTCS and Crank-Nicolson. Similarly, Najafi and Hajinezhad [14]
have completed the same equations with the finite difference
method FTCS, Upstream, Dufort Frankel and Crank Nicolson.
Furthermore, Appadu et al. [15] have conducted a study to solve
advection diffusion equation using 3 different numerical meth-
ods, namely third-order scheme Upwind, Upwind fourth-order
and finite difference schemes non-standard (NSFD).

Dependence natural processes in pond to degrade wastewater
causing the system vulnerable to environmental factors such
as temperature, pH, sunlight, wind and other environmental
factors. To understand and know the effect of wastewater con-
ditions on the process of degradation of organic material, so
we were performed research on the distribution model of the
concentration of organic material 1-dimension (1-D), it was repre-
sented by the Biochemical Oxygen Demand (BOD). In this case,
the BOD concentration of the flow one-direction on pond would
be studied their changes through time. Changes in 1-D BOD
concentration through time could be represented in the form
of partial differential equations. Because of the research was
conducted in the stabilization ponds, which it is domain simple
field with a slruuezd grid discretization process, so the numer-
ical method used for the solving of the model is finite difference
method FTCS. Then, the validation of the model was did using
the BOD concentration data is derived {rom the Wastewater
Treatment Plant (WWTP), Sewon, Bantul, D.I. Yogyakarta.

2. Materials and Methods

2.1. Advection-Diffusion Equation

BOD concentration in a fluid flow through a region in the space
which was known as the volume control [16]. The flow in the
form of BOD system at the volume control with one-dimensional

dC
property of the flow and unsteady [?T—ﬂ], apply the integral

conservation of mass as follows [17]:

daf J',mu-'\|— [p(Va)id=0
dai\ 2" ) & (1)
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o, [p(Vna=0
dr g (2)

dm . r —
- v Z[p__:l__i,lm, JZLU. AV,), =0 (3)

dm . .
E: _.Z{P_- AV, )_.,, - Z{P_- 4V, )m (4)

pAV, =M

with M is the mass flow rate or rate of mass.

The rate of mass (M) is the mass that flows per unit volume
(kg/s). Volumetric flow rate (Q) is the volume flow per unit
time (m*s). The concentration (C) is the measure of a component

a mixture or solution or moles which was expressed as mass

per unit volume (kg/m®*). Density (p) is mass per unit volume
(kg/m”). The relationship between the rate of mass and volumetric
rate are:

Ve
M="1_ —0Cor M = p0

o (5)
So, Eq. (4) becomes:

dm
o~ 969G (6)
Eq. (6) in accordance with the law of conservation of mass
which states that mass can not be created nor destroyed. For
a volume control, conservation of mass can be expressed as [16]:

Outflow — Inflow + Accumulation = 0
Accumulation = Inflow — Outflow (7)

The mechanism of transport of pollutants (BOD) in the ponds
can be shown in Fig. 1.

Mass balance equations of BOD in a pond flow as shown
in Fig. 1 states that the form of conservation of mass as
follows:

Volume
Control

Qi | | QCoue |

"““*g&ﬁﬁi}"‘ﬂ“ ‘

Fig. 1. The mechanism of transport of pollutants.
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Accumulation = Inflow — Outflow — Reaction — Settlement (8)

Eq. (8) to the volume control with details known dimensions,
it can be written mathematically as in Eq. (6) as follows:

dm
—_— - - - £
= Qc, -0C,, —kC - pdJ (9)
with m =VC, so:
1) _ e _oc — ke ¢
%,] =00, —QC,, —kC—pA¥; (10)

V in equation is a system volume that meets the space of
control volume, then the value of V is constant. The Eq. (10)
can be written as:

d(C)
V%=QC,,—QCM —kC— p AV (11)

Solute mass flux in the x direction are transported through
two mechanisms carrier (transport), namely advection and dif-
fusion which can be written as follows:

Transport mass flux by advection: uC

Transport mass flux by diffusion: —Dm.%

The reaction mechanism is not considered, because BOD is
assumed not react with any material in a flow of them. Similarly
the settling mechanism, BOD in pond assumed no precipitation
occurs or decay.

By multiplying both sides in Eq. (11) by a factor of 1/7,
the equation becomes:

dc _oc, 0C,.,
dt ¥ ¥ (12)

oom )C,.,
"I'l'u-zlf-zrmlu and [i -

wa i—] respectively is the inflow and
outflow with the advection and diffusion mechanisms. All of
the term in the mass balance is directed into the form of the

mass flux in the control volume as follows:

9C, ;. _.c_p
= ede=uC-D, == (13)

ox

v o x 8 2

%dxz[uc +M(ir]—f,[)m_ &« + OC[DW E}dr
ax M ar o ax (14)
Therefore, the mass balance of a material dissolved by
advection and diffusion mechanisms can be written as fol-
lows:

di [ (15)
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oy

£d’_r=(uf'—D £]
di |

ox
- {uf‘—-a{u )d_r]—fﬂ E—E(D E]d_r
\ ax " A axl ™ oax (16)
de:— }{Hc)dx+£(0m_ E]dr
d fx fie ix (17)
..'_:—6{"(]+i(.:} . i]
ar ax el ™ éx (18)
thus obtained:
dc  ouC) GC( 56]
== 2 p, —ax
dt oxr  arl " oax (19)
w_d),, @c
at ar " de (20)

Eq. (20) is an advection-diffusion equation without any re-
action and settlement.

. Finite Difference Method Forward Time Central Space

Finite difference method is one U-iaethod used to solve partial
differential equations numerically. Finite difference melhca.lses
Taylor series to approximate the derivatives existing on partial
differential equations into a form of linear equation [18]. The
Taylor series approach is:

Clx+ Ax)=C(x)+ C‘{x}%+ C“{x}%+ O (x)

Ax” ol
) +O{ﬁt‘ } [21]

1!
FTCS method is one of the finite difference method with
the derivative on partial differential equations respect to time
was using forward different schemes and its derivatives space
using center different schemes [19].
Approximation derivative with respect to time with a forward
different approach is as follows:

(S

ac ' "
— i, ndht ) = ——O|Ar
o ( ) Ar (ar)

(22)

Then the derivatives space with center difference approach
are as follows:

ac ( [ )
— (#Ax, nA ) = ——L L O\Ax
[ay ( ) 2Ax [ } (23)

Then for the derivatif second order is:

ac,. Co=207+

P (i, nA1) i + OAx) (24)

Eq. (22)-(24) substituted into advection-diffusion equation as
follows:
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G=a _ (GaEch
At 2Ax

]*Dm- [c,:, -2Cr G ]
Ax* (25)

2.3. Wastewater Treatment Plant (WWTP) Sewon

The research was conducted on the WWTP Sewon, Bantul, D.L
Yogvakarta. WWTP Sewon built to collect domestic waste
amounted to 15,500 m%d from the city of Yogyakarta and sur-
rounding areas to be treated to re-usable. I[PAL Sewon was built
in 1993-1998, as a way to cope with contamination of wastewater
in the region of Yogyakarta, five of the districts of Sleman, and
three of the districts of Bantul. Wastewater that enters IPAL
Sewon was processed through 6 aeration pond, namely facul-
tative 1, facultative 2, facultative 3, facultative 4 and 2 maturation
ponds. WWTP effluent poured into the river Bedog. For more
details, waste stabilization ponds can be seen in Fig. 2.

The data collection of samples carried out in one of the facul-
tative pond using discretization sketch as shown in Fig. 3.

The BOD concentration data which was obtained from sam-
pling in WWTP Sewon is summarized in Table 1.

BOD concentration data as shown in Table 1 are not only
used as an initial value and boundary value on completion of
advection-diffusion equation. This data is also used to estimate
the diffusivity coefficient parameters which done using merging
two theories, namely Eyring and hydrodynamic theory of
Stokes-Einstein equation [16], as follows:

—  MossoPed e Facantive IV b Facultutive 11
e —i\ nlet
L Memtion Ponks.  fo—] Faculuve II —| Facultasive |
L

Fig. 2. Design waste water treatment plant (WWTP) Sewon.
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Fig. 3. Sketches discretization sampling.
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Belore performing parameter estimation, first determine the
value of C.T.# by using Least Square method. Least Square
method is needed to obtain the relationship between variables
empirically to minimize the effect of measurement error of the
variable [20].

The value of parameter estimate which obtained are:

D, =2.2848x10" m’/s
D, =8225x10"° m’/hour

In addition to BOD concentration data, we also have obtained
data on the volume of waste in January-August 2016 which
is summarized in Table 2 and the graph in Fig. 4.

Based on Table 2 and Fig 4, it can be concluded that the volume
of waste water was different every time. It was influenced by various
factors, such as temperature, weather, ime and other factors.

Based on these data, it can be formulated flow velocity in
the horizontal direction which estimated constant is as follows:

Dh
=
dxidxh

with, u: Flow velocity in the horizontal direction (LT)
Db: Debit or Average Wastewater Volume (L*T)
I: Width Ponds (L)
h: Height Ponds (L)

Table 1. The BOD Concentration Data WWTP Sewon

The grid The initial value
G 63.22
G 49,52
G, 82.3
C, 67.32
les 48.32

Table 2.

&E[ﬁ Volume Data WWITP Sewon from January-August 2016
The average volume of wastewater or debit

No Bl of wastewater (m*/d)
il January 5,820

2 February 7,839

3 March 8,636

4 April 8,720

5 May 5,639

6 June 6,128

7 July 7,741

8 August 7.047

Average 7.308.75
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Graph of Waste Volume January-August 2006
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Fig. 4. Graph of waste volume January-August 2016.
The calculation is:

u= 30875 oo m/day

4xT0=1

Because of the required flow velocity is the speed per hour,
s

26.lm 26.1m
day 24 hour

u 1.0875 m/hour

So, the value of flow velocity is 1.0875 m/h.

3. Results and Discussion

In numerically, the completion of advection-diffusion equation
is done by changing the equation into a discrete form as in
Eq. (25), namely:

- _ fCa=CL ), , [Ga=2C +CE
Af 2Ax - Ax? (28)

Then, Eq. (26) is simplified as follows:

atl " uAL (o, M D, Al n n
o =C __2;11’{ “]—C‘_]}+ At ( = 2C +C.—1) (27)
1
atl _ uAl o " D m‘m " " "
crt=cr -G =€l s ae(C2a el) (g
o+l _on Hﬁf+ D2 ot l_sz_rm
1 =128 2 y Ax?
cn |- uAt . Dm_rm
T 2Ac 0 2 29)

Suppose:
uAr 4 D, ;‘1{ _
2Ax Ax®
then,

a1 M o ]
(o ¢ lasBlecll-28)+ ¢ [ 4+ 8] (30)

Furthermore, the completion is done by changing the discrete
equation into the form of a matrix.

Suppose:
A+B=a, 1-2B= 4, -A+B=8
then it was obtained:
n+l _ 1 1 1
C; 7 =aC;_ +BC; +OCT, (31)

Eq. (31) with 1<i<35, then the system of equations is obtained
as follows:

L n+l _ 1 n n
i=2, CZ —(xC1+ﬁ‘C2+E?C3
L n+l n n n
i=3 C‘3 —aC2+ C‘3 +E?C4
P n+l _ 1 7 n
i=4, C4 —(xC3+ﬁC4+E?C5

If presented in the form of a matrix, the equation system

becomes:
C;a+1 _ KC? L

with, K: Initial value of observation point
L: Boundary value

Boundary values in this study was assumed to be constant.
Therefore, it was obtained matrix form as follows:

C’z n+1 ﬂ 6 0 Cz Ll a(:]
| =le p olc|+|o
C, 0 a glc| | a (32)

Based on the above, it could be concluded that in order to
calculate the value of the BOD concentration at a particular

time, namely €', we required initial value and boundary value
(af;r_l +ﬂC‘f +6C;I+l] which was known until the desired

iteration. Because of the calculation process was very long, it
was solved numerically using MATLAB.

Based on algorithms of completion of models, the initial value,
boundary values and the other inputs, then simulation results
could be summarized in Fig. 5.

This simulation result was the result of solving advection-dif-

fusion equation by using finite difference method FTCS scheme.
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Chart the Distribution Design of BOD
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Fig. 5. Graph of design distribution BOD at t = 1 until t = 24.

This method was applied to MATLAB software with syntax of
finite difference method FTCS for advection-diffusion equation,
input of initial value and boundary value. The output of this
MATLAB syntax were the BOD concentration value on the grids
with the different time, and the graph with set down of the
grid according to field condition.

Based on observations of in Fig. 5 looks a mass deployment
process (diffusion). The value of the mass concentration in the
middle of the flow an initially high, then it was slowly spreads
and declining, mainly on the left edge of the pond. This could
happen in the middle of ponds estimated because the aerator
was works on the principle of mixing perfect. However, a decrease
in the BOD concentration was relatively small. It could be seen
from the changes in concentration levels in a span of 2 h.

Fig. 5 was also indicated that a point/grid of flow has a rate
of mass concentrations constant from time to time. This could
be seen at the point/grid about 46 meters away from the left
edge of the pond. In addition, there was an increased concen-
tration of BOD, namely in the flow of the right edge pond. The
improvement occurred after the first 2 h, then it was constant
about 8 h and was increased back to 24 h (a day). Increased
the concentration of mass estimated because in this study only
considere the pond as a straight line and not as a field. On
the right edge of the pond was estimated to occur mass transfer
processes (advection), BOD concentration of the various sides
of the pond move in the same direction (the right edge of the
pond), so that the flow of the pond on the right edge of the
pond was be increase. But the process of advection was also
estimated to be very slow.

Based on the numerical results and field data which was
obtained, then it did the model validation process. This validation
process was done by comparing the data of numerical calcu-
lations with data obtained from sampling at the WWTP Sewon,
Bantul. The validation process was necessary to know how big
the validity of the modeling done (data consistency between
the numerical results with field data). Data which was validated
is the point of a observation at the time t = 12.

Comparison of numerical data and field data could be seen
in Table 3.

According to table 3, there was diflerences between the data
numerical results with field data. The average difference was
1.93%. To find out these differences more clearly, it could be
seen in Fig. 6.

Then, based on results from Table 3 could be obtained error
value. This could be shown in Table 4.

Table 3. Numerical Results and Field Data
Data at t = 12

No Point/Grid

Field data Numerical data
1 ('2 44.87 45.11
2 (_'.-_T; 64.87 67.49
3 C-'l 75.86 76.78

Table 4. Error between Numerical Data and Field Data

No Titik/Grid Error (%)
1 (5 0.54
2 C, 4.04
3 C, 1.21

Graph of the Numerical and Field Data

Field Data A

7% ¥ Mumerical Data

70
65

60

Data

55

50

45 -o

40
25 30 35 40 45 50

The Length of Ponds
Fig. 6. Graph the numerical and field data.

To know connection between research results with the results
of the calculation, the correlation coefficient was determined
by the formula:

g
b - ez -7

The calculation of correlation coeflicient of 0.998. It states
that 99.8% of numerical data in accordance with the field data.
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4. Conclusions

This article shows that an advection diffusion equation in a
structured domains such as waste stabilization ponds could be
solved using finite difference methods FTCS scheme. In this
study, the advection-diffusion equation was the equation of a
flow system of BOD on a control volume assumed in the absence
of reaction and precipitation.

Finite different FTCS method was discretization method of
advection-diflusion equation with advanced difference scheme
on time derivative, and middle difference scheme on space
derivative. Discrete sketches according to finite difference meth-
ods FTCS was used to obtain objective research data on one
of the facultative ponds. This method was applied to MATLAB
software with input of initial value and boundary value. The
output of this MATLAB syntax were the BOD concentration
value on the grids with the different time, and the graph with
set down of the grid according to field condition.

The result of the simulation shows that the advection and
diffusion process in the flow of 1-direction waste stabilization
pond was oocurs very slowly. This was evident from the relatively
small decrease in BOD concentrations on the left edge of the
pond. But on the right edge of the pond, there was an increase
in BOD concentration. The increase of mass concentration was
estimated because in this study only consider the pond as a
straight line and not as a field of ponds. On the right edge
of the pond was estimated to occur the process of mass transfer
(advection). BOD concentration from various sides of the pond
moved in the same direction (the right edge of the pond), so
that the flow on the right edge of the pond to increase. But
the occurrence of this advection process was also estimated
very slowly. In addition, temperature, pH, aerator and other
factors also have a considerable effect.

Numerical results and field data obtained were compared
as a form of validation of models and it was found a difference
of 1.93%. It was claimed that the numeric data was not much
different with the field data. This was reinforced by the correla-
tion coefficient of 0.998, meaning that 99.8% of numerical data
in accordance with the field data.

Other similar studies should be minimize the grid on the
domain in order to obtain maximum results. Use of other numer-
ical methods are also very advised to obtain results more in
line with the real situation.
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