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An intriguing application of telescoping sums

Julius Fergy T. Rabago

Department of Mathematics and Computer Science, College of Science
University of the Philippines Baguio
Governor Pack Road, Baguio City 2600, Benguet, PHILIPPINES

E-mail: jfrabago@gmail.com

Abstract. This note offers a simple, yet very intriguing application of telescoping sums.
Particularly, the cancellation technique which is known as the method of differences is employed
to establish analytically the closed-form solutions of some systems of nonlinear difference
equations. The results delivered here, in addition, generalizes several results found in recent
literatures.

1. Introduction
There has been an enormous amount of published work dealing with solution forms of some
systems of nonlinear difference equations that are solvable in closed-forms. This type of equations
appear very simple in form, however, in some situations, the structure and behavior of their
solutions are quite difficult to formulate and completely understand. Nevertheless, several
studies have dealt with the solution forms of several solvable systems of nonlinear difference
equations, see, for instance, a recent work of Elsayed [3], Elsayed and El-Metwally [4], Elsayed
and Ibrahim [5], Tollu et al. [12, 13], Touafek [14], Yazlik [16] and the papers cited therein.
In these aforementioned works, we noticed that the results exhibited, particularly the solution
forms of the systems being studied, were established through a mere application of induction
principle. (in fact, at some point, the proofs of some of the statements presented are insufficient
and are even completely omitted). We stress that this method can only validate analytically
the solution form of a particular system of difference equation. However, it does not give much
information on how these formulas are obtained. In an effort to explain theoretically some
intriguing results in this research line, the author have revisited and re-examined in [8, 9, 10]
and also in [11], with Bacani, several systems of nonlinear difference equations which have been
studied previously in [1, 6, 14, 15, 16].

In this work, we turn our attention to a two-dimensional system of nonlinear difference
equation which could be seen as a generalization of recent investigations. In particular, we shall
show how the solution form of the system

xn+1 =
xnyn−k

yn−k+1(±1− xnyn−k)
, yn+1 =

ynxn−k
xn−k+1(±1± ynxn−k)

, (1.1)

with real initial conditions {xn}0n=−k := {xn}0−k and {yn}0−k, can be established analytically.
Our technique uses appropriate transformation on the phase variables xn and yn, reducing the
system into a linear type and employs the “method of differences” or, in particular, the idea of
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Social and economic influences on human behavioural

response in an emerging epidemic

P Phang1,2, B Wiwatanapataphee2, and Y H Wu2

1 Faculty of Computer Science and Information Technology
Universiti Malaysia Sarawak, Sarawak, Malaysia
2 Department of Mathematics and Statistics, Faculty of Science and Engineering
Curtin University, Perth, Australia

E-mail: pphang@unimas.my

Abstract. The human behavioural changes have been recognized as an important key in
shaping the disease spreading and determining the success of control measures in the course
of epidemic outbreaks. However, apart from cost-benefit considerations, in reality, people are
heterogeneous in their preferences towards adopting certain protective actions to reduce their
risk of infection, and social norms have a function in individuals’ decision making. Here, we
studied the interplay between the epidemic dynamics, imitation dynamics and the heterogeneity
of individual protective behavioural response under the considerations of both economic and
social factors, with a simple mathematical compartmental model and multi-population game
dynamical replicator equations. We assume that susceptibles in different subpopulations have
different preferences in adopting either normal or altered behaviour. By incorporating both
intra- and inter-group social pressure, the outcome of the strategy distribution depends on the
initial proportion of susceptible with normal and altered strategies in both subpopulations. The
increase of additional cost to susceptible with altered behaviour will discourage people to take up
protective actions and hence results in higher epidemic final size. For a specific cost of altered
behaviour, the social group pressure could be a “double edge sword”, though. We conclude
that the interplays between individual protective behaviour adoption, imitation and epidemic
dynamics are necessarily complex if both economic and social factors act on populations with
existing preferences.

1. Introduction
The role of human behaviour in the spread and control of infectious diseases has received
significant attention [1]. Various behavioural changes, including vaccination, taking antiviral
drugs, health protective actions such as social distancing, wearing masks, reducing travels,
practicing better hygiene and avoiding crowded places, have been incorporated into epidemic
models. Without including behavioural changes, the disease spreading model will predict the
worst possible scenario [2]. In the course of epidemic outbreak, individuals are not passive,
they weigh up the costs and risks associated with certain protective actions with the benefit of
reducing the infection risk, and then choose the best strategy that maximizes their own benefit.
This individual-level decision making can be concisely described in the language of game theory.

In biology, strategies are inherited, but the underlying mechanism for the evolution of
strategy adoption in epidemiology is imitation process. Imitation dynamics can be coupled into
one-population susceptible-infective-recovered (SIR) compartmental model via the replicator
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