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Abstract. A mathematical model 1s developed to capture the sprca)f HIV-1 infection within
host cells caused by the contact of cell to cell and CTL response. In this paper, we propose a
mathematical model of HIV-1 infection in CD4'T cells taking into account viral transmission
from cell to cell and CTL response. The HIV transmission from cell to cell is one of the main
factor in the spread of HIV infection and CTL response determines viral set point. anllysc
the model to investigate the existence and stability of the cnilibriil. We analyse the local
stability of disease free equilibrium by linearization, while the global stability of endemic
equilibrium of the system by constructing Lyapunov function. Numerical simulations are
presented to find the effectiveness of antiretroviral treatment in different scenarios and to the
implication of CTL response in controlling the progression of HIV-1 infection.

1. Introduction

Human Immunodeficiency Virus (HIV) is a virus that destroy the immune cells leading to death ofE)
human in the world. HIV/AIDS become serious problem of heath in worm’ide. Currently, about 46,9
million people live with HIV [1]. The majority of host cells infected HIV-1 is CD4'T cells. The
infection via the contact of cell to cells leads to productive infection compared to the infection form
free virus [2, 3]. When CD4'T cells was activated by virus, these cells stimulate cytotoxic T
lymphocyte cells (CTL) as effector cells that inhibit viral replication. CTL have important role in
controlling viral load by killing the infected CD4" T cells.

PRIV binds immune cells that express CD4" molecule, including CD4™T cells. After virus enter
into host cell, ifffBleases viral RNA, and converts into viral DNA using reverse transcriptas@hzyme.
Next stage, the viral DNA integrates to the host’s DNA, called HIV infected host cell. Using the host’s
RNA polymerase enzyme, viral DNA transcribes§to messenger RNA (mRNA), then create the HIV
proteins in long chains. Using protease enzyme, the long chains of HIV proteins are cut into smaller
viral particles, then these particles move out through membrane’s host cells become mature, and ready
to infect other host cells [3, 4].

CD4'T cells have important role in the transmission of virus. The activated cells lead to
productive infection, but the resting cells inhibit the process of reverse transcription of vius, thereby
the virus fails in completing HIV reverse transcription, viral degradation occur in cytoplasm [6]. The
failed infection may be due to inefficient reverse transcription. In addition, reverse transcription and
complementary deoxyribonucleic acid (cDNA) processing of viral are very inefficient, and the viral
DNA is degraded by enzymes in resting CD4'T cells [4, 5].
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Highly active antiretroviral treatment (HAART) involving the RTIs and PIs treatments is one of
strategies to control HIV-1 infection. Reverse transcriptase inhibitors (RTIs) treatment function to
prevent the infection process infection, while protease inhibitors to inhibit the activity for viral
replication of the mature viral particles [7].

Recently, some studies have been done regarding HIV-1 infection in host cells. Srivastava et al.

[8] established modelling of CD4" T cells in HIV response based on the process of reverse
transcription. These cells was separated in two classes. The first class is CD4'T cells of incomplete
reverse transcription, namely pre-RT class and return to healthy. The second class is CD4"T cells of
complete reverse transcription and become the infectious, namely post-RT class. Srivastava et al.
incorporated the effect of RTI drug without PI drug in the model. Moreover they have not considered
the HIV-1 transmission due to cell-to-cell contact, and CTL class in the model.
Chirove et al. [9] and Sutimin ef al. [10, 11] established a model to capture the effect of the
infection of Langerhans and CD4'T cells in early infection. They assumed that host cell infection can
be transmitted via the contact from infected host cells to healthy hosts as well as cell-free viral.
Instead, they have not accommodated both the process of reverse transcription and CTL response.
Next study, Tarfulea er al. [12, 13] proposed a simple model involving the interaction of free virus and
healthy CD4'T cell and CTL response. They incorporated CTL class and antiretroviral in controlling
HIV-1 infection.

In this study, we are interested in HIV-1 infection process with reverse transcriptii within
CD4'T cells. We develop a modelling from Srivastava et al. [8] to capture HIV-1 infection in CD4'T
cells, by taking into account the HIV-1 transmission from infected cell to cells, and incorporating CTL
class response. We analyse the model to explore the behaviour of the mfE8lel and viral clearance effect
of virus. In numerical simulations, we present the dynamics of CD4'T cells, and free virus
populations in the various treatment scenarios

2. Model formulation

In this study, the model is deviloped from Srivastava et al. [8] by considering HIV-1 transmission
from infected CD4'T cell tOBZD4+T cells, incorporating the effectiveness of PI drug, and CTL
response. Under infection, the population of CD4'T cells are divided into two classes. Pre-RT class, in
which viral reverse transcription is incomplete in CD4'T cells and post-RT class, in which viral
reverse transcription is complete, namely infectious class. The model of nonlinear differential equation

that describe the dynamics of susceptible CD4'T cells (T), pre-RT cells (L), post-RT (j: ) cells, CTL
cells and free viruses (V) populations can be given as follows.

i—?zi—ﬂ]VT—ﬂlT;T+(£ma+p)L—prT (H

dL

E:;RJVT+,337:T—(;J]+a+p)L @

%z(l_g‘m)a[‘_(ﬂr +5)?:_sz )
¢

oz *

dt )

gzwa(l_% )T~ (14 +4)V )
¢

The susceptible CD4'T cells arem)duced with the constant rate A , and die naturally with a constant

rate /. . The infection rates of CD4™T cells by free virus and infected CD4'T cell are ﬁ] and ﬁg ]
respectively. The CD4'T cells increase due to RTI drug and incomplete viral reverse transcription at

the constant rates €p; & and p , respectively. Parameters &gy and & are the efficacy of RTI and PI

drugs. Population of pre-RT class die due to inflammation with a constant rate 4, .

[
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Upon RTI treatment, a part of CIERT;L in pre-RT class moves to the healthy CD4'T cells, and
(l—ERH ]G,’L become infectious. The HIV-1 infection rate in pre-RT class reduces from & to
(l_gm)a- Upon PI treatment, the viral production of the infected CD4'T cells reduced by
Nﬁ(l—gp;). Infected CD4'T cells die due to killing by CTL with the constant rate @ . The
population of CTL increases at a constant rate 7 and dies with the constant rate {, . The free virus

population diminishes with the death and viral clearance rates #, andg, respectively. Next section, we

analyse the stability of equilibriums for the model.

) Model analysis
We use the basic reproduction ratio derived from the next generation matrix to analyse the local

stability of uninfected equilibrium. The uninfected equilibrium point is E = (;Lr ,0,0,0) and the next

generation matrix can be written by (see Dickmann [14])

vow, _ A
w(d+u)
G=| 0 0 0 (6)
0 0 0

where,

_<?( Rn);“ﬁa + (1_6”1);“!91&(1_6”)1\{5
w (e ra+p)(p +6) u(w+a+p)(u +0)(d+u)
yo— '1/62 ’Iﬁl(l_bpf)N‘S

u(wrd) (w8 (pru)

1-0,. A3, A D, )JNO
The eigenvalues of matrix G are 4?( un ) 42 — + (10, ) A1 [jp’) ,0,0. The
b ratp)p+6) w(u+a+p)(u+5)(o+u,)

basic reproduction ratio m[] can be written by,

g}{ — ml Rf! iﬁza + ( Rﬁ’ )iﬁa( ! ) N5l (W
Com(mrarp)(p+8)  p (et p)(p+5)(6+ 1)
The basic reproduction ratio is defined as the secondary infection generated from one infected CD4'T
cell during in period infection, when it introduces in all susceptible CD4'T cells population.

1. Stability of uninfected state
e stability of uninfected equilibrium of the gstem is given in the following.

Theorem I: The uninfected equilibrium EU is locally asymptotically stable when ‘R[} <I.
Proof

The Jacobian matrix of the system at E, can be written as,
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-5 -pA
—H, ab}(ﬂ +p L 0 i
H, H,
A A
J(E,))= H, K, (7
(l_é:k??)a —pr—é‘ 0
0 T —H.
0 0 Né6(l-g,) 0 -—u —¢
The eigenvalues of the Jacobian matrix (7) are —,,— M, and other three eigenvalues are the solution
of the equation
,1/3+az,1’2 +ay+a,=0,
where,
a=p+u+utato+d+p>0
Nd&(1-¢ -0, A
a,=(u +3) (1, +a+p)(1-%,)+ (10 )(1 -0 ) Cr(prm )@t S+p+u,+p)

4 (¢+u)

a, =(,ut+a+p)(,uf +§)(¢+pv)(l—iﬂn).

By manipulating the computation &¢,d, —d; , we have

m+(l—%)NAU—qm]mﬁa5
IACESS

(¢+,u' )(a+ §+2fu+p)algwhere O=a+0+u+u+p

aa,=a,= (u+a+p)(u+6)(1-R,) +a,(¢+u )0

It can be seen thana]az_au >0, when i'Ro <1 . All eigenvalues of J(EO) are negative, when

ERO <1 . Thus, EU is locally asymptotically stable ifmu <1 i completes the proof.
(1)
3.2. Stability of endemic equilibrium
We study the global stability of endemic equilibrium using Lyapunov function. Qﬂ endemic
equilibrium for the model is E = (T° L ?j ,Z’ v ) , where

~ Zu (Z*w+5+p,)

. (¢+,ul }(,ut+a+p}(2”m+5+,u!) I =
ar(1-0,,)

_a(l_bﬁn)(N‘S/BL(I_Qﬂ)_'—fﬁ!Bz"'ﬁ:#r] ,
T = Z u. ye NZ'6p. (1-0,,) .

T (p+u,)

The solution Z" fulfills the equation

AZ'+AZ+A, =0,

(10)
where,

A, =ou (a(1-0y ) £ )(NOB,(1-6, )+ 8B, + Bott, ) >0,
A = N&(1-0,, )u, (1, +8 ) (@104, ) + 1) B+ 1. ($+ 1) (11, + 8) (1 =0, ) + 1) B, +
oty (¢+u,)(4+a+p).
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A=t (ot p)( +8)(g+m,)(1-R,).

The equation (10) has exactly one positive solution Z" if only if

A“ It is fulfilled if

‘-RO >1 . Thus the endemic equilibrium exists when 9{(, >1 . It is not difficult to see that set

Q:{(T,L,TT,Z,V)Ei NT+L+T,+Z+V £M} , with M = mdx{'jL i NM(I_E”)} is a
AR

positively invariant fOrT(O)ﬁL(O)&’I; (0),2(0),V(0) >0. Next, we present a theorem of the global
stability of endemic equilibrium as follows.

Theorem 2: The endemic equilibrium E’ is globally asymptotically stable when ERU >1.

Proof.
We define a Lyapunov function as follows,

——
F(T,L,?:,Z,V)z[T—T -7 In— |+ (L L - L]n— ’_
T T.
Vv

* * Z
+c\(z-z -z 1n—,,)+c_ (V V' -V'hn )
' z 1%

where €},05,C5,C4 > 0 are determined. It is clear that 7  C', ( ) O . The derivative of F with

respect to ¢ along solutions of the system (1) — (5) is given by

dF T \dT L\dL 7' \dT, Z'\dz v av
— = l-—= |—+g|1-= | =4, | 1- = |4 | 1-= | =+¢,| I-— |—
dt T ) dt L) adr T ) dt Z ) di V | di

= A-uT-B(1-a)VT-p (1-a)TT - (a,(s,+6)-BT -aNS(1-¢,))T,

i

T T
—(al(,ul+a+p)—(a€m+p)—a2a(l—£m))L —(al(pl_+¢)—ﬁlT°)V —i?—alﬁzLT

t!-q

s L VT T . T
_(ag’m+p)T ?—alﬂlL —a,(1-&,, )aT —-a,N6(1-¢, )V ;’ \ (9)

-~

where A=/1+,uJT° +a, (,ul +a+p)£ +a, ()“; +§)T:‘ +a_,uu:Z° +a, (,ul_ +¢)V.. We denote

V= V_ . The equation (9) becomes

Z—F =A-uT x+f(a, - )V T xw+ f,(a - 1)TT xov+ (alaﬂ;‘ —aH, )é.z
t
+(}5’IT' —a, (ﬂ, B 5)+a4N:5(1 —EP!)+£I._.T)T;.W +(;’31T. —-a, (,uy + ¢$))V v

+(.‘_’I£RH+p)—(ﬂl(pl+a+p)+a2(l—an g) L

fa (c)TZ wz — (6K“(l+p)L =

—a, (I ;m)aL w a}f’}"]'_“

i

V

tqlg

_a4N§(l—g”)T“——a,BT‘V‘% —alﬁzTﬁiﬁ.*f (10)

If we make the coefficients of ¥, W, Z,V,XV,XW are equal to 0, so we have the relationship
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a, =1,

a, (.“1 +af+p): (a‘g;m +p)+a1af(l—.s‘,m )=

a,(p+0)=pT +a,N6(1-¢, )+ar, (11)
a i, =“zﬂﬂ:’a

a, (1“.- + gfa) =pT".

The right hand side in (10) becomes

1 1 rooaw 1 ! S .y
bl[z_x__}bz[3___L_2]+ba[z;___i_&_i}(%+,,)LA
X X ow oy X w v oy x

N . W
—a,ol, Z xw—a, 7T, —
i

The constants b},b, , by ,a, ,a, ,a; can be determined by considering the following relations,
A=BVT +BTT +uT —(ega+p)L |
BVT +BTT =(u+a+p)L, (12)
(1 +6)T =(1-¢,,)alL
(1 +9)V =N (1-2, )T

Equating coefficients in equation (10) and (12), we get the relationship

2b,+3b,+4b, =C 1-a, =0, b =uT"  b+b+b =4,

a(p+a+p)=(acy, +p)taa(l-c,), a(y+6)=AT +aNs(1-¢,)+ayr,

a, =a2aﬂ:., a3N5(l—£m ) =a, (,.'.1I - 5) —ﬁzT“ ]

b,+b,=a, (I_ER'%&L. b= alﬁthT;t b= a3N5(l_£m )T: = a”ﬁ’IV‘Tt »ay (1“.- +¢) = /3|T.'

- +(l—-¢, )a a(l—o_ Y+ u )T’
So we can fix @i =123 where ¢, =1, a, :M . a, = (aC m? e
(l_é"un)a a(l_oﬂn)p:
T . . . . .
a, _ AT . From the inequality of arithmetic and geometric mean, we can see that
b+

dF . | N 1 AW N 1 ;oW XZ
—=uT [2—.\:——)+,6‘1TTJ. [3———1——J+ﬁlVT [4———l————‘")

dt x X w ¥
Y - - W
—(agm., +p)L =—a,wl 2wz —a,rT] —<0.
X z

It is clear that & _ oforT=T ,L=L T=T.,7Z=7 V=V thus the largest invariant set of
dt

iF
{(T.LJ:,Z,V] I(T = 0} is the singleton{E'} . We conclude that £ is globally asymptotically
dt

stable.
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4. Numerical simulations
We present the simulations of the dynamics of CD4" T cells and free virus populations and the impact

of RTI and PI treatments. For the simulations, we take T(0)= 700 cells fmm3, L(O) =0 C‘.?ll;"IT]III3 s
T(0)=0 cell/mm’ | Z(0)=0 cel/mm’, ana V(0) =0.001 virions/mm’ [15]. The value of

parameter are presented in Table 1.
Table 1. Table of parameter values, units and references.

Parameters Values Units References

A 100 Cells/day [19]

a 0.1 1/day 8]

B (0.00002.,0.001) mm°/day [17]

1

B, (0.00001,001) mm /g ]
0.02,0.1 1/da 18

U, y [18]
0.015 1/da 8

H y (8]
2.4 1/dz 16

pll ay [16]

5 0.24 1/day [19]

¢ (2.9) 1/day (20, 21]

N (100, 1000) cells/day [22]

m 0.05 1/ day [23]

T 0.01 1/day [23]

w 0.01 1/day 23]

In Figure 1, it presents the evolutions of CD4"T cells and free virus populations in different scenarios

for endemic state. We consider the overall efficacy (5 ) when RTI and PI drugs are administered
simultaneously [13] that is defined as& =1— (lfgm)(lfgm ) We determine the value & =0.91and

use the different values of €5y ,€pin the simulation. We can see in Figure 1, first in long term the

population of CD4"T cells and free virus approach to endemic equilibrium, it describes theorem 2.
Second it shows that the increasing in efficacy value RTI drug is faster in the increasing of the healthy
CD4™T cells compared to the efficacy value PI drug. It is related to effectiveness of RTI drug in
preventing the progression of infection. a

7

Figure 2 shows CTL clearance levi of infected CD4'T cells leads to the increase of the healthy
CD4'T cells. It is related to the reducing of the infected CD4'T cells and free virus populations. It may
suggest that when CTL cells can respond fairlffo HIV-1, the number of free virus can be prevented in
individuals with HIV in early infection. Thus the progression of HIV-1 infection in individual can be
pressed.
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Figure 1. The evolution of CD4'T cells and free virus populations in
the different RTI and PI treatments.
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Figure 2. The evolution of CD4'T cells and free virus population in
the different level of the response CTL indicated by o .

5. Conclusion
In the study, we modified a modelling of HIV-1 infection in host. The model was developed by
considering viral transmission from the infected CD4"T cell to healthy CD4'T cell and the effect of
CTL response. We analyse the model to address the stability of equilibriums. The basic reproduction
ratio was @@lained through the next generation matrix, and used it to analyse the local stability of
uninfectfl equilibrium and the existence of endemic equilibrium. We construct Lyapunov function to
analyse the global stability of endemic equilibrium. The basic reproduction ratio can be express in the
sum of two sub reproduction ratios. The locally asymptotically stable of uninfected equilibrium is
achieved if the ratio less than unity. The globally stable of endemic equilibrium is achieved if the ratio
larger than unity.

We study the simulations to illustrate the evolution of CD4"T cells and virus populations in long
term under the various treatment scenarios. Based on the efficacy value, we can conclude that
treatment of RTI drug is more effective that of PI drug in preventing HIV-1 infection. In the immune
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response of CTL, when fair level in responding HIV-1, these cytotoxic cells is still able to press the
progression of HIV-1 infection.
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